In this paper, we study Finsler metrics of scalar flag curvature. We find that a non-Riemannian quantity is closely related to the flag curvature. We show that this non-Riemannian quantity takes a special form if and only if the flag curvature takes a special form. This will lead to a better understanding on Finsler metrics of scalar flag curvature.
Introduction
In Finsler geometry, there are several geometric quantities: the Riemann curvature (the flag curvature), the distortion, the (mean) Cartan curvature, the S-curvature, the (mean) Landsberg curvature and the (mean) Berwald curvature, etc. (Cf. [7] [8]). Except for the Riemann curvature and its averaging quantity -the Ricci curvature, all the other mentioned quantities are nonRiemannian, namely, they vanish when the Finsler metric is Riemannian. We define these non-Riemannian quantities via covariant horizontal and vertical derivatives of two basic quantities defined on a Minkowskian tangent spaces: the distortion and the (mean) Cartan torsion. These two quantities are defined only for Minkwoski norms and any of the two vanishes if and only if the norm is Euclidean. The other non-Riemannian quantities simply tell us the rates of change of these two quantities along geodesics.
The study shows that the above mentioned non-Riemannian quantities are closely related to the Riemann curvature (the flag curvature). See [5] for some recent developments. Is there any other interesting non-Riemannian quantity to be singled out for further attention? In [1] , H. Arkar-Zadeh considered a nonRiemannian quantity H which is obtained from the mean Berwald curvature by the covariant horizontal differentiation along geodesics. This is a positively homogeneous scalar function of degree zero on the slit tangent bundle. This very non-Riemannian quantity is also closely related to the flag curvature. More precisely, Akbar-Zadeh proved that for a Finsler metric of scalar flag curvature, the flag curvature is a scalar function on the manifold if and only if H = 0. Thus the quantity deserves further investigation.
Let us take a look at the example which is constructed in [9] . Let a ∈ R n be an arbitrary unit vector (|a| = 1). On the unit ball B n (1) ⊂ R n , define
where y ∈ T x R n ≡ R n . This Finsler metric is of scalar flag curvature whose flag curvature is in a special form: K = 3θ/F + σ, where θ := a, y is an exact 1-form and σ := 3 a, x 2 − 2|x| 2 is a scalar function on B n (1). This leads us to investigate Finsler metrics of scalar flag curvature with flag curvature in the above form.
In this paper, we are going to establish an equation between the the flag curvature K and H for Finsler metrics of scalar flag curvature and prove the following
if and only if
where σ = σ(x) is a scalar function on M .
If we set θ = 0 in Theorem 1.1, we obtain Akbar-Zadeh's theorem [1] . By the Schur lemma in Finsler geometry ( [2] ), if K = σ(x) is a scalar function, then it must be constant in dimension n > 2. However, when θ = 0, σ can not be a constant in general as shown by the above example. Nevertheless, θ and σ are still related. See Proposition 3.1 below.
If a Finsler metric has isotropic S-curvature, S = (n+1)cF , where c = c(x) is a scalar function, then it has isotropic mean Berwald curvature, E = 
Preliminaries
Let F = F (x, y) be a Finsler metric on an n-dimensional manifold. We always require that F is positive definite, i,e., the Hessian g ij := 1 2
is positive definite for any y ∈ T x M \ {0}. The geodesics of F are characterized by the following system of second order ordinary differential equations in local coordinates
where
Conversely, we have
Thus the essential part of the Riemann curvature
The key important property of R jk is given as follows:
Thus one can compare R jk with the angular form h y = h ij dx i ⊗ dx j , where
The flag curvature K = K(P, y) of a flag (P, y), where P = span{y, u} ⊂ T x M , is defined by
One of the fundamental problems in Finsler geometry is to study and characterize Finsler metrics of scalar flag curvature K = K(x, y), or isotropic flag curvature K = σ(x) or constant flag curvature K = σ.
It is an important fact that for a Riemannian metric, the flag curvature K = K(P ) is independent of y ∈ P for any section P ⊂ T x M . Thus if F is of scalar flag curvature, then it must be isotropic. Moreover, it must be constant, when dimension n > 2 by the Schur Lemma.
However, general Finsler metrics do not have the above properties. As shown by the example in (1) there are Finsler metrics with K = K(x, y) depending on y. The Schur lemma in Finsler geometry tells us that if 
Thus it is natural to consider the following quantity
We obtain a quantity
l which can be expressed as a family of multi-linear form on each tangent space. We call B the Berwald curvature because L. Berwald first used this quantity to characterized Finsler metrics with quadratic G i , including Riemannian metrics. These metrics are therefore called Berwald metrics.
The mean Berwald curvature E y = E ij dx i ⊗ dx j is defined by
Finsler metrics with E ij = 0 are not necessarily Berwald metrics. There are plenty of examples. The well-known S-curvature is defined by
n is the Busemann-Hausdorff volume form (Cf. [7] , [8] ). Then the mean Berwald curvature E = E ij dx i ⊗ dx j can be defined using the S-curvature S.
The quantity H y = H ij dx i ⊗ dx j is defined as the covariant derivative of E along geodesics. More precisely,
where "|" denotes the horizontal covariant differentiation with respect to the Berwald connection. In local coordinates,
Clearly, E ij and H ij have the following property
Thus one can compare them with the angular tensor h = h ij dx i ⊗ dx j , where
We can take further averaging on E and H as follows:
E and H are scalar functions on the slit tangent bundle T M \ {0}. Let us take a look at the example in (1). By a direct computation, we get
Thus we have
This example leads us to investigate Finsler metrics on a manifold M satisfying
where c = c(x) is a scalar function and θ = a i (x)dx i is a 1-form on M .
It seems that there are more Finsler metrics with H = 0 (resp.H = 0) than those with E = 0 (resp. E = 0). But no example with H = 0 (resp. H = 0) and E = 0 (resp. E = 0) has been found yet. The important of the quantity H = 0 lies in the following 
Generalized Schur Lemma
First we recall some important structure equations using the Berwald connection. One can refer to [7] for details. Using the Berwald connection, we have the following Bianchi identities for the hh-curvature R 
Contracting (7) with y j , we obtain a Bianchi identity for
Contracting (10) with y l yields
Assume that a Finsler metric F is of scalar curvature K = K(x, y). In local coordinates,
For simplicity, let
Plugging it into (6), we get
Differentiating (13) along the direction y m δ δx m yields
Plugging (14) and (15) into the Bianchi identity (11), we obtain 
where θ = t i (x)y i is a 1-form and σ = σ(x) is a scalar function. Then
We have
Here the covariant derivatives are taken with respect to the Berwald connection of F . For the scalar function c = c(x), we view it as a scalar function on
For the 1-form θ on M , we view it as a scalar function on T M \ {0}. Thus
Rewrite the above identity as follows
Taking a trace of (18) over i and k, we get (n − 2)Q l = 0. Now we assume that n > 2. The above identity becomes (17).
Q.E.D.
An Important Identity
In this section, we are going to show an important relationship between the flag curvature K and the quantity H for Finsler metrics of scalar flag curvature. Throughout this paper, we shall use the notations in [7] . 
whereK
Proof: Plugging (12) into (5) gives
Differentiating ( 
Note that B i jkl is symmetric in j, k, l and B m jkm = 2E jk . It follows from (21) that
Let θ be a 1-form andK
By (22), (23) and (24) we arrive at the following identity:
We obtain (19).
Proof of Theorem 1.1
To prove the main theorem, we need the following
is a positively homogeneous function of degree zero on the tangent bundle T M and σ = σ(x) be a scalar function on M . Then the following equations are equivalent
Proof: It is easy to see that (25) implies (26) and (27) implies (25). Thus it surfaces to prove (26) implies (27). We assume that (26) holds. Fix an arbitrary point x ∈ M . Let S x M := {y ∈ T x M |F (x, y) = 1} denote the unit sphere at x. There is a naturally induced Riemannian metricĝ x on S x M . Let (u a ) be a local coordinate system in S x M . Then the position function y = y(u) of S x M satisfies the following Varga equation 
where the indices a, b, c = 1, · · · , n − 1. Using the above identities (25), one can easily show that (25) is equivalent to the following equatioñ
and (26) is equivalent to the following equation
where I c :=ĝ ab C c ab . By the Hopf maximum principle in the case when dim S x M = n − 1 ≥ 2, we conclude from (31) thatK = constant on S x M at each point x ∈ M . Thus there is a scalar function σ = σ(x) such that
In the dimensional two case n = 2, S x M has dimension one. Parametrizing S x M by y = y(s) where s is the arc-length ofĝ x , we obtain two functions I := I 1 (x, y(s)) andK(s) =K(x, y(s)). I is the so-called main scalar. Then (31) can be written asK (s) + I(s)K (s) = 0.
where s o is any fixed number. Choose s o such thatK(s o ) = maxK. Theñ K (s o ) = 0. By the above identity we conclude thatK = 0. We conclude that K(s) = σ(x).
Q.E.D.
Proof of Theorem 1.1: By (19),
∂y i ∂y j − (n − 1)F −1K = − 6 n + 1
By (32), one can easily see that (2) is equivalent to (26). By Lemma 5.1, this is equivalent to (3). Q.E.D.
Some Remarks
In this section, we will link our main theorem to the results in [4] and discuss some related problems. It is easy to verify the following fact: i /F + σ? This is verified for Randers metrics [10] . But it is still unknown for general Finsler metrics.
